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The Derivation of Joint Probability Distributions of Structure Factors for Space Group P1
from the Corresponding Distributions for Space Group P1

By J. J. L. HEINERMAN
Laboratorium voor Structuurchemie, Rijksuniversiteit, Padualaan 8, Utrecht, The Netherlands

(Received 24 June 1976; accepted 24 July 1976)

A general procedure is given to obtain joint probability distributions of structure factors for structures in
space group P1 from the corresponding distributions for structures in space group P1. Some examples are

given.

Introduction

Joint probability distributions of structure factors for
structures in centrosymmetric space groups and those
for structures in non-centrosymmetric space groups
have always been derived separately. In both cases
first the primitive random variables are specified, then
the characteristic function is calculated and next, from
the Fourier transform, the probability distribution is
obtained. We shall show that once a probability dis-
tribution for P1 has been calculated, it is simple to
calculate the corresponding distribution for P1.

The procedure

For equal-atom structures the normalized structure
factor is given by

Ey=An+iBy, (1a)

where .
An= ) N~ Y2cos2mh.r;, (1b)

=1

N
By, =) N~'%sin2zh.r, (lc)

=1

and N is the number of atoms in the unit cell. For
structures in P1, denote by P,(X,...,X,; Y},..., 1) the
joint probability distribution of the real parts
Anys-.., Ay, and the imaginary parts By,,..., By, of the
normalized structure factors Ey,,...,E,, Then
Pi(X,,...X,; Yq,...,Y,)dX,...dX,dY;...dY, is the joint
prObabllity that Xl <Ah1 <X1 +dX1,.. .,X,,<Ahn<
X,+dX,, Y1 <By, <Y, +dY,,...,Y,<B,, <Y, +dY,

From a structure in P1, we construct a structure in
P1 by adding to each atom j with position vector r; an
atom N +j with position vector ry, ;= —r;. The nor-
malized structure factor for such a P1 structure, con-
taining 2N atoms in the unit cell, is

2N
Ev= Y (2N)"Y2cos 2zh.r;=]/24,, )

Jj=1

where A, is the real part of the normalized structure
factor of the P1 structure. For structures in P1, denote

by PH{S;,-..,S,) the joint probability distribution of the
structurefactors Ey,,,...,Ep,. ThenPy(Sy,...,5,)dS;...dS
is the joint probability that S; <Ey, <S; +d§,,...,5,<
Ey,<S,+dS,. This probability can be obtained from

P(X,,...X,;Y,...,.Y,)dX,...dX,dY;...dY,. First we
integrate with respect to Yy,...,Y,,
Py(Xy,.., X)dX, ...
J J 1(X19 Xn’ Yl’ Y)

xdX;...dX,dY;...dY,, 3

and next, according to (2), we replace the X; by
Si/l/za

P+(Sy,...,S,)dS;...dS,
S S
_"—n/2 1 it
=2 P1<V§,...,V2>d51...d5,,. 4)
P«S,,...,S,) may depend on N, which is half the

number of atoms in the unit cell. In the following
examples N in P{(S,,...,S,) will be replaced by N/2;
then N denotes the total number of atoms in the unit
cell.

Examples

(a) The joint probability distribution of the real and
imaginary part of one structure factor has been cal-
culated by Wilson (1949). For normalized structure
factors as given by (1) this distribution is

Pi(X,Y)=rn"lexp(—X>—Y?). 5

The probability distribution of the real part is obtained
by integrating with respect to Y,

=n~! exp(—Xz)Jm

~ o

exp (—X?). (6)

Next, employing (4), we obtain the probability distribu-
tion of one normalized structure factor for a P1 struc-
ture,

P(X) exp(—Y2)dY

=12
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P1(S)=(2m)~* exp (—357), (7)

in agreement with a result of Wilson (1949).

(b) As a second example we consider the joint
probability distribution of three structure factors
Ew,, Eny, Eny, with hy +h; +h3 =0. The joint probability
distribution P,(R;,R5,R;; ®,,P,,P;) of the magni-
tudes and the phases of Ey,, Ey, and E,, correct up to
and including terms of order N ~'/2, is given by

P{(Ry,R3,R3;P,,9,,P;)

R,R
= RBiRaRs exp [~ RE-R3-R3

+2N" 2R, R,R5 cos (P, + P, +P3)] (8)
[Heinerman (1977a), formula (21) with Q,,3=N" 12
and q,,3=0]. Using the transformation

Rv COS ¢V=XV’ Rv sin ¢v= Yva (9a)

for which

R, dR,d®,=dX dY,, (9b)

we find
Pi(X1,X3,X3; Y, Y2, 13)
=n3exp[-X3}-X3-X3-Yi-Y}-Y}
+INTX XX = X = X0 Y — B XG))
(10)

Integrating with respect to Y; gives, correct up to and
including terms of order N~ /2,

JOINT PROBABILITY DISTRIBUTIONS OF STRUCTURE FACTORS

Pl(XlaXZ’XB:; YZ, YB)
=1 exp[-X}-X3—-X}-Y3;-Y}

+2N V(X X, X3 - X, 1L Ya)]. (11)
The integrations with respect to Y, and Y; are per-
formed in the same way and lead to

Pl(Xl,Xz,X3)=7T_3/2 exp(—Xf——X%—X%

+2N712X,X,X3). (12)
Next we employ (4) and replace N by N/2. The resulting
joint probability distribution of three structure factors

in P1, correct up to and including terms of order
N~ Y2 is

P1(S,S,,83)=(2m)"*? exp [ = HS1 + 53 +59)
+N7128,8,85], (13)

from which the well known sign probability of a triple
product (Cochran & Woolfson, 1955) can be obtained.

(c) A more complicated case is the joint probability
distribution of the seven structure factors Ey, E,, E,,
En, En+xo Ex+n, Eiin with h+k+14+m =0 [space
group P1: Giacovazzo (1976); Hauptman (1975);
for a comparison of their results see Heinerman
(1977b); space group P1: Giacovazzo (1975); Green &
Hauptman (1976)]. Here we use Hauptman’s (1975)
formula for the joint probability distribution of the
magnitudes and the phases of the seven structure
factors:

Pl(R1aR2aR3’R4aR125R23$R31 > ¢)15¢2,@3’¢4,@12a¢23’¢31)

_ R1R2R3R4R12R23R31
- 7
4

exp {~R}—R3—R3—Ri—R};—R3;—Rj,

+2N"Y2[R{R,R ;08 (P + P, — Py,)+ RyR4R ;5 08 (P3+ Py + P13) + RyR3R,3 co8 (P + D3 — Ps3)
+ R R4R;3 cos (D + P4+ P23)+ RiR3R3; c08 (P + D3 — P31)+ R2R4R31 €08 (D + Py + D3]
“2N"![RyR3Ry; R3; 08 (B; — By — B+ By3)+ RyR4R 1Ry 3 0 (By— By — By — B3)
+R{R;R;3R;3; cos (P~ Py + D3 —P31) + R3R4R3R3, €08 (D3 — Py — P35 — P3y)

+R3R3R;3;R;; cos (P, — D3+ Py — DP13) + RiR4R3 R ;€08 (D) — Dy — D3, — Py)

+2R,R,R3R, cos (B, + B, + B3+ B,)]},

(14)

which is correct up to and including those terms of order N~' that depend on the phases. Using the same

transformation as in the preceding example we find

Pi(X1,X2,X3,X4,X12,X23,X315 11,12, Y3, ¥4, Y15, Vs, Y3y)

=n 7exp{—X{-X3-X3-Xi-X{,- X3 - X3, - Yi-Yi-Yi-Yi-Yi,—

2 2
Y23_ Y31

2N X XX o+ X3 XX 0+ X X3 X3 + X Xa X3+ X1 X3 X3 + X X0 X5,

+F(X 1, X5, X3,X0,X12,X23, X315 Y1, 15, Y3, Yo, Y5, a3, Y3y

2N X, X3 X 15X 03+ X0 X0 X 15X 03+ X1 X0 X 03 X 31 + X X o X023 X531 + X, X353, X4,

+ X X4 X531 X 12 +2X, X, X3 X0+ G(X 1, X2, X3, X4, X12,X23, X315 V1, Yo, V3, Y0, Y12, Y, Y3y)]}, (15)
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where F and G are sums of products of three and four
variables respectively, with all variables to the power
one. The products of three variables are of the form
XYY, while there are no two terms that contain the
same combination of Y’s, and those of four variables
are of the form XXYYor YYYY. Let us consider the
integration with respect to Y. Denote by Y,f the terms
in F depending on Y; and by Y;g the terms in G
depending on Y;. The integration with respect to Y;
gives

e o]

J‘ exp [~ YT+2N 12y (f— N~ 12g)]dY,

o =n'2exp (N1 f2)[1+O(N~¥3)]. (16)
The terms in f? can be divided into two groups: (a)
terms of the form X XYY depending on two different
Y’s; these terms are of the same class as the remaining
terms of G; (b) terms of the form X2Y?2; these terms are
independent of the signs of the X’s and are neglected
[they belong to the same class as the terms of order
N~1 not depending on the phases, which have been
neglected in (14)]. Continuing in this way for the other
integrations it is seen that
Pi(X1,X2,X3,X4,X12,X33,X3,) is obtained from (15)
by leaving out the terms depending on the Y’s and by
multiplying by n”/2. Next, employing (4) and replacing
N by N/2 we obtain
PT(ShSZ,S3sS4’SIZaSZ3$SS1)
=@2n) " exp [ —HS?+S3+S3+S5+S5%,+53;+5%))
+ 5184523+ 5153831 +5,54831)
~N7Y(8,53812823+ 5,548,523
+ 8152823831 5354523531 +5,53531512

+S154S31S12+281S2S3S4)], (17)
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which is correct up to and including those terms of
order N~! that depend on the signs of the S’s. This
formula is identical with the one derived by Green &
Hauptman (1976).

Concluding remarks

A general procedure has been given to obtain joint
probability distributions of structure factors for
structures in P1 from those for structures in P1. Some
examples, of increasing complexity, have been given.
It is stressed that this procedure leads to P1 distribu-
tions with the same probabilistic background as the
P1 distributions from which they are derived.

The idea of considering a PT structure as the sum of
two P1 structures which led to the procedure described
in this paper was suggested by Dr J. Kroon. The
author thanks Drs J. Kroon and H. Krabbendam and
Professor A. F. Peerdeman for stimulating discussions
and critical reading of the manuscript.
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Approximations for the Calculation of High-Resolution
Electron-Microscope Images of Thin Films
By P. L. Feies*

Department of Physics, Arizona State University, Tempe, Arizona 85281, USA
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Phase-grating calculations were carried out to calculate lattice images from thin crystals. A method for
including the effect of chromatic aberration in these calculations is shown and the results are compared
with experimental images. The improved agreement of calculations with experiment when chromatic

aberration is taken into account is shown.

Introduction

By high-resolution electron microscopy it is possible
to observe ima%es of crystal structures with a resolu-
tion of about 3 A. This type of imaging is being carried

* Present address: Fritz-Haber-Institut der Max-Planck-Gesell-
schaft, 1 Berlin 33, Faradayweg 4-6, Germany (BRD).

out in the study of a number of compounds having
large unit cells such that features inside the unit cells
can easily be identified. Complex oxide structures as
well as many mineral structures have been studied. For
a review of this work see for example Allpress &
Sanders (1973), Buseck & lijima (1974) and Cowley &
Iijima (1976).



